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Annotation. We present the asymptotics of the probability of bankruptcy in the case of large
payments distributed under subexponential laws, in particular in cases of distribution of Pareto

+ X

distribution, and distribution Bektandera type | and type Il. Also, the asymptotic relations for an
optimal insurance rate in the case of the F-model and in terms of distribution distributed by the
Weibull distribution, Pareto distribution, and log-normal distribution are presented.
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1. Estimation of the probability of bankruptcy

Activity of insurance company characterized by different parameters, one of
which is the probability of bankruptcy. We can say that the financial risk and the
related risk of bankruptcy — the characteristics of each insurance company. Hence, an
Important task is to calculate the probability of bankruptcy and analysis of the results.
Special interest, in our time, is determining the probability of bankruptcy for large
payments, connected to natural disasters, terrorist acts, etc. Note also that large
payment distributions described the so-called “heavy tails”.

In the analysis of such distributions, including the distribution of Pareto, the
question arose whether it is possible to obtain an estimate of probability of
bankruptcy. A positive response was given to this question von Bahr [1] for the
Pareto distribution and Thorin and Vikstad [2] for the log-normal distribution. Later
there was a question whether there is a class of distributions with “heavy tails”, which
allows finding the probability of bankruptcy. The answer is given by Embrehts and
Vereverbeke [3], which revealed a fundamental role of class subexponential
distributions S in the theory of risk. This class include the log-normal distribution,
distribution Pareto, distribution Barra, log gamma distribution, cut resistant
distribution, Weibull distribution, distribution Bektandera type | and type II.[4, p.
195-196]

We consider the asymptotic behavior of the probability of bankruptcy in the case
of “heavy tails”. Note that the following statements are considered in [5], [6], [7].

(which is assigned by the distribution function F(x):l—(ij ,a>1k>0,x>0), Weibull

ISSN 2567-5273 35 www.moderntechno.de



Modern engineering and innovative technologies Issue 8 / Part 3 @
Statement 1. [5] When payments have Pareto distribution, that is :

F(x):l—(kL) L a>1k>0x>0,

+ X

then the asymptotic of bankruptcy probability ¢(u) is defined as:
/1ka —a+1

uy~———(k+u ,u :

Statement 2. [6] Let payments distributed by Weibull distribution with a
parameter 0 < ¥ <1 and the distribution function

F(x)=1- exp(— c1x7), c,>0,x>0
then the asymptotic of probability of bankruptcy ¢(u) is given

; F(l;clxyj—l“il;o)
o(u)~— 14+—7 g

= 1
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Statement 3. [5] Let payments distributed Benktander type I:
1-F(x) = (1+ zﬂ—mjx*“mﬂ'“) a,B>0,x>1,
(04

y U —> 00,

asymptotic of probability of bankruptcy ¢(u) given by the following equation:
Mo +1—y e pAhnx
()~ ( )
ca—Ala+1)

Statement 4. [7] Let payments distributed Benktander type II:
B

- F(x) = exp(%)x‘(l‘ﬂ) exp{— %} a,f>0,x>1,

asymptotic of probability of bankruptcy @(u) given by the following equation:

_ s
p(u)~ pF, (u) ~ (e A/Zl+ 2 exp(%j exp( %J U — .

2. An optimal insurance rate in case of factorization model and great
payments.

Let’s assume that we are under conditions of factorization model, called F-
Model [8, p.248].

Assume that number of insurance contracts N in the insurance portfolio is

generally a random variable. We assign S, insurance sum, to each insurance contract

with number j. Suppose Y; - an insurance claim of contract j. It is obvious that

y U—> 00,

Y.
Yj < Sj. For F-model, we call X =1 _ relative claim where the random variables
j
X and S;uncorrelated. It is obvious that insurance claim can be represented in the
following way:
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Y, =X;S; (1)
We will call the claims that satisfy the condition (1) factorizable [8].
For every contract the insurance premiums Z; determined as follows:
Z;=1S;
where z — some constant for all insurance contracts (called the insurance

premium rate or the insurance rate). It worth noting that the premiums in this model
are random variables, that depend on S, which differs it from a classic problem.

We will take that all claims in the portfolio are factorizable, all random vectors
(S;,X;) and N are jointly independent.

Sum of the premiums collected from insurance portfolio equals:

_ N
j=1
Sum of claims equals
_ N
j=1
If u,is a starting capital, then the final insurance fund is:
U=u,+Z-Y (2)

The first problem related to (2) is the definition of asymptotic of random
variable U distribution in case if z is known.
Second problem — is to define a minimal value for z that will provide us with
acceptable results of insurance practice for the insurance portfolio.
We introduce the following limitations to define the insurance rate z:
z>2EX; (3)
("average break even" condition)
PU>0)>Q (4)
where Q — some predefined number (0 < Q <1), ("final non-bankruptcy” condition).
If z provides us with completion of conditions (3) and (4) then we call it
admissible. z, —an optimal insurance rate, exact lower limit for z.
To simplify the records, we will say that random variable S is distributed the
same as S; and X the same as X ;. Suppose that S has got at least two finite moments.

We define V as a coefficient of variation of random variable S:
2 _ DS _ ES’ 1
(ES)* (ES)*
Define H; =S,(z-1;K;), where random variables H ; are independent and
jointly distributed. Then according to [8]
U=u,+ i H;

=

and for every u,
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N
PU<x)=P(X_ H; <x-ug)
j=1
®d(x) — a standard normal distribution function, W(x) - a reverse function to
®(x). To simplify the problem, we will assume that u, =0 , N — constant value,

Y; satisfies (1).

N
Then U =3H,. We suppose that N is big enough to approximate the U
j=1
distribution by normal distribution law.
Suppose that the insurance portfolio claims are great. Payments with this size
can be described by random variables with subexponential distributions. Then the

following statements are fair.
Statement 5. [9] Assume that claim size is distributed by Weibull distribution

with a parameter 0 < y <1 and the distribution function
F(x) =1-exp(-c,x”),c; >0,x>0
Then with these assumptions, for z, - optimal insurance rate the following

correlation is fair:
g s L Jere
R N-vir Q)

Statement 6. [10] Assume that claim size is distributed by Pareto with parameters
a>0,A4 >0 that is defined by distribution function:

F(x)=1—(i)a,x>0.
A+ X

Then with these assumptions, for z, - optimal insurance rate the following
correlation is fair:

ar’ 29172
, +J(a_1)2(a_2)[1+w ¥(Q)

a-1 [N -V 2¥*(Q)"*
Statement 7. [11] Assume that claim size is distributed by log-normal distribution
with parameters u € R, o > 0 and distribution function:

F(x)=1+£erf{lnx_“}
2 2

V202
Then with these assumptions, for z, - optimal insurance rate the following
correlation is fair:

Ly ~

Jeo —1) e v 2w (Q)

7, ~ et 4
0 [N Y, ZTZ(Q)]].IZ

ISSN 2567-5273 38 www.moderntechno.de



Modern engineering and innovative technologies Issue 8 / Part 3 &

It worth noting that with V=0 the results of statements 5, 6 and 7 come down to
a classical case [8,p.238] that confirms accurateness of received results.

Conclusion

In this paper we considered the problem of bankruptcy probability definition in
case of heavy tails and defined the asymptotic of bankruptcy probability in case of
payments with Pareto, Weibull, Benktander type | and type Il distributions. We have
also presented the asymptotic relations for optimal insurance rates in case of the F-
model and claims size distributed by the Weibull distribution, Pareto distribution, and
log-normal distribution are presented.
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Annomayin. I[Ipedcmagneno acumnmomuxy tMOSIpHOCMI OAHKPYMCMBA Y 6UNAOK) BEIUKUX
suniam po3noodileHux 3a cyOeKcnoOHeHYIUHUMY 3aKOHAMU, 30KpeMa y eunaoxkax posnooiny Ilapemo
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(akuu 3a0aemvcsi  F(X) = 1—(%) ,a>1k>0,x>0, ), posnodiny Beiibyinra, po3noodinie
+ X

beuxkmanoepa I ma Il muny. Taxooc npedcmagieno acumMnmomuyue CHIBBIOHOWIEHHS Ol
ONnMUManvbHoi cmpaxoeoi cmaeku y eunaoxy F-moodeni ma 3a ymos eunnam po3nooinenux 3a
posnodinom Betibynna, poznodinom Ilapemo ma no2-HOpMAIbHUM PO3NOOLIOM.

Knwuosi  cnosa: acumnmomuxa — UMOGIPHOCMI — OAHKPYMCMEA,  8AXCKI — XBOCMU,
cybekcnonenyiiuni po3nodinu, po3nodin Ilapemo, po3nodin Beiibyina, posnodin benkmanoepa muny
I ma muny II, cmpaxoea cmaska, F-moodens.
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