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Annotation. In linear dynamic braking systems, the stator of the linear machine is made in the 
form of a multipole magnetic structure using high-coercivity permanent magnets, and the role of the 
rotor is performed by a ferromagnetic strip. However, such a system is characterized by low energy 
indicators, therefore, to increase them, a two-layer rotor is used, formed by a ferromagnetic strip 
clad with a highly conductive metal. Selection of the electrical conductivity and coating thickness of 
the combined strip allows you to optimize the braking process. At the same time, this approach does 
not provide a reduction in speed in the final section, which is necessary, for example, for free-fall 
towers. This is explained by the fact that with an increase in the coating thickness, the non-magnetic 
gap increases, which reduces magnetic induction, and therefore the interaction force at low speeds. 
Therefore, the purpose of this work is to develop a design solution for a combined strip that will 
provide a reduction in the speed of the vehicle in the final braking zone 

Key words: linear motor, rotor, magnets, short-circuited winding, induction, speed of 
movement 

 

Introduction.  

It is possible to reduce the non-magnetic gap by installing a combined strip in the 

end zone, made in the form of a massive toothed rotor of a linear machine. 

The theory and calculation methods for machines of this design are still 

insufficiently developed. This is primarily due to the difficulties in determining the 

electrical parameters of the toothed zone. Existing calculation methods for machines 
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with a massive toothed rotor are based on traditional approaches using an equivalent 

circuit of the machine [2] or multilayer wave equivalent circuits of the active layer [3], 

the combination of which is carried out on the basis of the wave impedances of each 

layer, the values of which are determined by solving the field problem. The desire to 

obtain simple analytical relationships for determining the electrical parameters of 

equivalent circuits required the introduction of significant simplifying assumptions [2, 

3] and an approximate solution of the equations of electrodynamics, which turned out 

to be of little use, especially for linear machines, taking into account the influence of 

edge effects. 

Analytical review. 

Let's assume that permanent magnets of height Ω with p2 the number of poles 

and pole pitch Ω τ are used to excite a spatially periodic magnetic field in a linear 

machine (Fig. 1). In the machine's calculation model, we extend the stator yoke along 

the pd x -coordinate to Ω ∞± , and set its magnetic permeability to infinity [4]. 

The rotor is an infinitely long ferromagnetic strip with slots of size nz bh × , in 

which squirrel cage rods of size are placed cc bh × . 

The tooth width nzz btb −= is the rotor zt  tooth pitch. Let the electrical 

conductivity of the cage rods cσ and steel be zσ . The width of the ferromagnetic 

strip is a, and the magnetic poles− b. 

τ

dp

dz
hz

dc

bp

 
Figure 1 - Permanent magnets of a linear machine 
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Thus, it is required to find solutions to the equations of electrodynamics 
,,0, tBrotEdivBjrotH ∂∂−===           

[ ],v, BEjHB ×+== σµ        (1) 

in a multilayer medium with nonlinear and tensorial electrophysical parameters. 

In the area of the rotor yoke ( )0≤≤− zdc , following Neumann’s suggestion [5], to 

take into account the nonlinear dependence of the magnetic permeability of steel, we 

set 

( )21 cес zz // += μμ      (2) 

where: еμ  −magnetic permeability of steel at the boundary of the toothed zone ( )0=z  

   cz  −the distance at which сμ it becomes equal to infinity and practically 

determines the depth of penetration of the magnetic field with nonlinear magnetic 

permeability of the medium. 

Then from the system of equations (1) it is easy to derive the induction equation, 

which for z −the component after applying the Fourier integral transform to it 

( ) ( ) xexBnB xni
z ∂= ∫

∞

∞−
                 (3) 

is reduced to the form: 

( ) ( ) ( )( ) 0v2 222
2

2
2 =−+−

∂
∂

++
∂

∂
+ Bnzizzn

z
Bzz

z
Bzz cceccc σμ , 

where: v −speed of movement of the strip in the direction of the axis x, 

    n −Fourier transform parameter. 

The solution to this equation is 

( ) ( )( )[
( )( )
( )( ) ( )( )




+

−

−
−

−++=

zznK
dznK
dznI

zznIzzCB

cv
ccv

ccv

cvc 2
1

1

         (4) 

where: ( )νI , ( )νK  −modified Bessel functions of the first and second kind 

22 v41 cce zni σμν −= / , 
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cd  −rotor yoke thickness. 

The cc zd > second term in (4) should be set equal to zero. 

Denoting at 0=z  

jzB
z
В

=







∂
∂

     (5) 

we arrive at mixed (impedance) boundary conditions for 0=z . From solution (4) it is 

easy to determine jz , the approximate value of which for small arguments of the 

Bessel functions takes the form: 

( ) cj zz /1−≈ ν            (6) 

To determine this, cz we will use the parabolic approximation of the main 

magnetization curve of steel [6]: 
mkHB 1=        (7) 

from which it follows using the condition 0=divB : 

( )2
11

0

1

c

m

ze zzzB
zB

+
=








∂∂
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=
−

=/
/

μ
μ

 

where m is the parabola index. 

 

The last condition will be satisfied if 
( )12 −≈ mm /Reν  

from where we find, according to (4): 

( )v/2,
1

2 ndd
m

mz cec σµ=
−

≈  

and, accordingly: 

di
m

mz j 





 +

+
≈

2
1

      (8) 

Since cz and v are functions of eμ , which are not known in advance, solving the 
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problem will require the use of iterative methods, initially setting arbitrary values of 

eμ . 

In the region of the toothed layer ( zhz <<0 ), due to the structural heterogeneity 

of the medium, in a two-dimensional formulation, the magnetic permeability has a 

tensor character: 

z

x

μ
μ

μ
0

0
=  

Then the equation for z the induction component after the Fourier transforms with 

respect to coordinate x (3) takes the form: 

( )v,0 22
1

2
12

2
ninB

z
В

z
z

x σµ
µ
µ

ηη −==−
∂

∂
   (9) 

where σ is the equivalent electrical conductivity of the tooth layer. 

Its solution is the function 

zshCzchCB 1211 ηη +=       (10) 

Satisfying the obtained solution to the conjugation condition - the equality of the 

normal components of the induction and the tangential components of the magnetic 

layer strength at the interfaces of the media 0=z and zhz = , we find that in the air 

gap at zhz = the impedance condition is satisfied: 

0zB
z
В

=
∂
∂

      (11) 

where 

zj
e
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Averaged over the tooth pitch length x  −the component of magnetic permeability 

for a rectangular slot is equal to 
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( )cznzx bbt μμμμ /+=       (12) 

Taking into account the effects of magnetic induction displacement in the massive 

tooth and rods of the cage, caused by eddy currents, z  −the component of magnetic 

permeability averaged over the rotor tooth pitch is equal to: 

( )
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    (13) 

where: ( ) 50v ,ni cс σμλ =  −the depth of penetration of the magnetic field into the rods of 

the squirrel cage, 

   ( ) 50v ,ni zez σμλ =  −the penetration depth of the magnetic field in the massive 

teeth of the rotor. 

The magnetic permeability component zμ is complex, driven by the influence of 

eddy currents in the rotor's massive teeth, leading to a phase shift in magnetic induction 

relative to the magnetic field strength. This accounts for power losses due to eddy 

currents in the teeth and rods of the squirrel cage. 

A comparison of the mechanical characteristics of a linear machine with a squirrel 

cage in a ferromagnetic strip and a combined busbar with a copper coating is shown in 

Fig. 2. 

Here the upper curve describes the electrodynamic forces depending on the speed 

of the rotor with a squirrel cage, and the lower one - with a metal coating [1]. The 

comparison was based on the same design of both machines, in which the cross-section 

of the secondary squirrel cage was assumed to be equal to the cross-section of the metal 

coating for the rotor design with a slot width bn , equal to the thickness of the cell rod 

bc and, accordingly, the thickness of the metal coating dm . The height of the rod hc is 

equal to the height of the groove hz  and is equal to the tooth pitch tz rotor. The thickness 
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of the rotor yoke was assumed to be the same in both cases. 
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Figure 2 - Mechanical characteristics of a machine with a coated ferromagnetic 

rotor and with squirrel cage 

 

As can be seen, the advantage of a squirrel cage rotor is observed only at low rotor 

speeds, and they become virtually equivalent at higher speeds, in this example at 

v>3m/s. Therefore, a squirrel cage rotor should only be used in the final braking zone, 

which allows for a reduction in speed in the residual braking zone by almost half. 

Conclusions. A method for calculating the electromagnetic processes and 

mechanical characteristics of a linear machine with permanent magnets and a solid- 

toothed squirrel-cage rotor has been developed, taking into account the nonlinear 

magnetic permeability of steel. The use of ferromagnetic teeth allows for an increase 

in the magnetic field in the gap and electrodynamic forces only at low rotor speeds. 

The equivalent electrical conductivity of the tooth layer is determined by the sum 

of the electrical conductivities of the squirrel cage rod and the massive ferromagnetic 

tooth. 

In the presence of a squirrel cage, the influence of conductive steel teeth has little 

effect on the mechanical characteristics of the machine, but allows braking speed in the 

end zone to be reduced by half. 

The end zone of the combined tire of the "free fall tower" attractions should be 

made using a squirrel cage. 
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